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The transfer of quantum information through a noisy environment is a central challenge in the
fields of quantum communication, imaging, and nanophotonics [1–4], and plays an important role in
the study of quantum phenomena in biological systems [5]. In particular, high-dimensional quantum
states of light [6, 7] enable quantum networks with significantly higher information capacities and
noise-robustness [8, 9] as compared with qubits. High-dimensional entanglement can also tolerate
large amounts of loss in loophole-free tests of nonlocality [10, 11], holding immense potential for the
realisation of device-independent quantum communication [12]. However, while qubit-entanglement
has been distributed over large distances through free-space and fibre [13, 14], the transport of
high-dimensional entanglement is hindered by the complexity of the channel, which encompasses
effects such as free-space turbulence or mode-mixing in multi-mode waveguides [15]. As a result,
the transport of entangled states of light through highly complex media has never been achieved.
Here we demonstrate the transport of six-dimensional spatial-mode entanglement [7, 16] through a
two-metre long, commercial multi-mode fibre with 84.43% fidelity. We show how the entanglement
can itself be used to measure the transmission matrix of the complex medium [17–20], allowing
the recovery of quantum correlations that were initially lost. Using a unique property of entangled
states, the medium is rendered transparent to entanglement by carefully “scrambling” the photon
that did not enter it, rather than unscrambling the photon that did. Our work overcomes a primary
challenge in the fields of quantum communication and imaging [2, 21], and opens a new pathway
towards the control of complex scattering processes in the quantum regime.
In recent years, the precise control of light propagation
through disordered media has unlocked a range of new
possibilities for biomedical imaging and optical telecom-
munications [4]. The ability to turn a strongly scattering
sample into a lens or send an image down an optical fi-
bre no thicker than a human hair promises exciting new
technologies such as non-invasive endoscopes and ultra-
dense communication systems [22–24]. Key to achiev-
ing such control over light is the ability to measure the
transmission matrix of a complex medium—a matrix of
complex numbers that describes how the medium maps
a set of input modes to a set of output modes [19]. En-
abled by the availability of highly tunable digital arrays,
the transmission matrix is routinely measured today via
the response of the medium to a set of probe states sent
one at a time (Fig. 1a). Bringing this powerful technique
to the domain of quantum information promises signif-
icant advances in quantum state transport and control.
Recent experiments have demonstrated this potential by
harnessing disorder for the manipulation of photon pairs
[25–27] and transporting quantum correlations in a weak
scattering regime [28].
Quantum entanglement plays a central role in the
rapidly advancing field of quantum technologies, en-
abling techniques such as quantum error correction and
device-independent quantum communication [12, 29].
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High-dimensional entangled states of light [7, 30–32] of-
fer vastly improved information capacities [8, 33, 34]
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Figure 1. Basic Principle. a) Classical methods for recon-
structing a d2-dimensional transmission matrix T of a com-
plex medium involve the measurement of a response function
to a set of d input probe states {| i 〉}. b) Alternatively, the
entire transmission matrix can be mapped onto a single max-
imally entangled state |Φ+ 〉 of equal dimension. c) Informa-
tion about T can be used to reverse the effects of scattering
by finding a set of propagation-invariant states {| i˜ 〉}, allowing
one to send information through the medium. In the classical
case, this involves applying an inverse operator such as T−1
before or after the medium. To reverse the effects of scattering
on entanglement, a suitable inverse operator can be applied
on the photon that did not enter the medium at all.
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2and greater resistance to noise [9, 35] over qubit-based
quantum communication systems, and enable practical
loophole-free tests of quantum nonlocality [10, 11]. High-
dimensional entanglement is also a resource for quantum
imaging protocols [2] that allow one to image below the
shot-noise level [36] or in an interaction-free manner [37].
A primary problem to be overcome in all of these appli-
cations is the preservation of the delicate quantum corre-
lations found in entanglement after transmission through
a scattering channel, such as a multi-mode fibre or bio-
logical tissue. Till date, entanglement transport through
such highly complex media remains a challenge, as the ef-
fects of scattering must be overcome not just for a given
set of quantum states, but also for every coherent super-
position of these states.
In this letter, we distribute high-dimensional entan-
glement through a commercial multi-mode fibre for the
first time. In our experiment, the effects of scattering on
entanglement are reversed by only manipulating the pho-
ton that did not enter the medium. To achieve this, we
develop a new technique for measuring the transmission
matrix of the fibre using the entangled state itself. In con-
trast to the classical technique of measuring a response
function one state at a time, our method exploits the par-
allelism of entanglement by mapping the entire transmis-
sion matrix onto a single, high-dimensionally entangled
state. This is known as the the Choi-Jamiołkowski iso-
a) b)
c) d)
Figure 2. In the absence of a complex medium, two-photon
correlations measured in the a) Pixel basis and b) its first mu-
tually unbiased basis (Pixel MUB) result in a fidelity to the
7-dimensional maximally entangled state of F ≥ 94.12%, cer-
tifying the presence of 7-dimensional entanglement. c) Pixel
and d) first Pixel MUB correlations after one photon from
the entangled state is sent through a 2m-long multi-mode
fibre, resulting in the loss of entanglement. Interestingly,
even though the correlations are completely scrambled, the
resulting data contains information about the transmission
matrix in each basis (|T |2 and |TM |2) via state-channel dual-
ity (Eq. 1).
morphism in quantum mechanics, which says that state-
ments about a channel can be mapped onto statements
about a state [17, 38, 39]. While previous experiments
have used this isomorphism to characterise polarisation
(qubit) processes [18], it has never been applied to com-
plex, multi-mode scattering channels that are natural
candidates for it.
One particle of a maximally entangled two-particle
state |Φ+ 〉 = 1√
d
∑
i | ii 〉 is sent through the complex
medium with transmission matrix Tˆ =
∑
ij tij | i 〉 〈j |
(Fig. 1b). As a result, the two-particle entangled state
undergoes a transformation into the pure state
|Φ 〉T = (I⊗ Tˆ ) |Φ+ 〉 =
1√
d
∑
ij
tji | ij 〉 , (1)
which captures the entire knowledge of the medium’s
transmission matrix. Upon measuring |Φ 〉T , one obtains
the complex coefficients corresponding to T . The trans-
mission matrix is thus obtained by characterising only
one entangled state after it passes through the medium.
As a result, this method requires d-times fewer settings
for characterising a complex medium as compared with
classical techniques, which require the preparation of d
separate probe states before the medium (Fig. 1a). In-
terestingly, entanglement is not strictly necessary for this
method to work, however it does provide optimal results
[18].
Once a complex medium’s transmission matrix is
known, one can use it to reverse the effects of light scat-
tering through the medium. This is done by either con-
structing a set of propagation-invariant states or eigen-
modes [23, 40] obtained by diagonalising T (Fig. 1c), or
using the knowledge of T to directly invert the scram-
bled light measured after the medium [41]. Extending
this methodology to the problem of unscrambling entan-
glement through a complex medium leads to an interest-
ing revelation—one can invert the action of the complex
medium by either unscrambling the photon that went
through it, or by carefully “scrambling” the photon that
did not (Fig. 1b). This results from a unique property
of maximally entangled states where operations on the
state can be equivalently expressed as being applied on
either of its two parts:
(I⊗ T−1) |Φ 〉T = (I⊗ T−1T ) |Φ+ 〉 = |Φ+ 〉
= ((T−1)T ⊗ T ) |Φ+ 〉 = |Φ+ 〉 . (2)
Thus, two-particle correlations lost due to one particle
scattering through the medium are recovered by only ma-
nipulating the particle that did not enter the medium at
all. This can also be understood as a consequence of
the invariance of the state |Φ+ 〉 under transformations
(U ⊗U∗) for any unitary operator U , and has been used
in the past for the nonlocal cancellation of dispersion and
weak scattering [42, 43].
While inverting the transmission matrix in this man-
ner allows us to regain correlations in one basis, it does
3MMF
SLM
NLC
PBS
a)
c)
b)
Scrambled BasisTransmission Matrix
+ i →
Re(TM) Im(TM)
Pixel Basis Pixel MUB
Figure 3. a) Experimental Setup. A grating-stabilised UV laser is used to pump a nonlinear ppKTP crystal (NLC), producing
pairs of photons entangled in their transverse position-momentum, which are separated by a polarising beam-splitter (PBS).
One photon is sent into a 2-metre long commercial multi-mode fibre (MMF, Thorlabs GIF50E) and directed towards Bob,
while its entangled twin is kept locally with Alice. Projective measurements of the resulting quantum state in any rotated
Pixel basis are performed with spatial light modulators (SLM), single-mode fibres, and avalanche photo-diodes (not shown). b)
Examples of holograms for measuring photonic states in the Pixel basis and its first mutually unbiased basis (Pixel MUB). As
can be seen, the MUB hologram is made up of a coherent superposition of all seven macro pixels. c) Real and imaginary parts
of the transmission matrix measured in the Pixel MUB (TM ) and an example of a “scrambled" basis hologram calculated from
it. The scrambled basis hologram is displayed on Alice’s SLM for unscrambling entanglement through the multi-mode fibre.
not guarantee that the state is entangled. To certify en-
tanglement, one must be able to measure correlations in
at least two complementary observables, or mutually un-
biased bases (MUBs) of the state Hilbert space [44, 45].
Our measurement of T relies on the assumption that the
entangled state after the medium is pure (|Φ 〉T in Eq. (1).
Once T is estimated, we must drop this assumption and
use the measured T to check how close to pure the trans-
mitted state (ρT ) actually is. In order to do so, we ro-
tate our measured transmission matrix to any MUB, i.e.
TM = M
∗TMT , where M is a complex matrix that per-
forms the specified MUB transformation. Next, we use
TM to construct a second “scrambling” operator on Alice,
that should in principle allow us to recover correlations
in the basis M after transmission through the complex
medium:
((T−1M )
TM ⊗M∗) |Φ 〉T = |Φ+ 〉 . (3)
Measurements in two or more mutually unbiased bases al-
low the use of a recently developed entanglement witness
for certifying high-dimensional entanglement [7]. Using
this witness, we are able to lower bound the fidelity of
the state to a given pure target state via measurements in
two MUBs and certify entanglement dimensionality via a
Schmidt number bound [46]. Measurements in all MUBs
allow us to calculate the exact fidelity to the target state,
while also providing better noise performance.
We perform an experimental test of our technique with
states entangled in discrete transverse position modes,
also known as “pixel” entanglement [16]. In the absence of
a complex medium, two-photon correlations measured in
the Pixel basis and first Pixel (Fourier) MUB respectively
(Figs. 2a and b), certify a fidelity of F ≥ 94.12% to a 7-
dimensionally maximally entangled state [7]. Figs. 2c)
and d) show measured correlations in these two bases
after one photon from the state is sent through a two-
metre, commercial multi-mode fibre (Thorlabs GIF50E),
as shown in Fig. 3a. Correlations in both bases are com-
pletely lost, resulting in a trivial bound. Measurements
in all eight MUBs after transmission through the fibre re-
sult in an exact fidelity of F (ρ,Φ+) = 5.39±1.03%, which
is lower than the bound of F2 = 1/7 for two-dimensional
entanglement [47]. Interestingly, while the measurements
in Fig. 2e) and f) do not show any entanglement, they
contain information about the absolute value of the fibre
transmission matrix (Eq. 1), measured in the pixel basis
and Pixel MUB (|T |2 and |TM |2).
As shown in Fig. 3a), photon pairs entangled in their
transverse position-momentum are produced in a nonlin-
ear crystal (NLC) via the process of spontaneous para-
4a) b) c) d)
e) f) g) h)
Figure 4. Experimental data showing quantum correlations recovered in the a) Pixel and b-h) seven “tilted” Pixel bases. The
Pixel basis measurements allow us to nominate a target state |Ψ 〉 = ∑λi | ii 〉, and subsequently use its Schmidt coefficients
λi to construct MUB-like “tilted” bases following a recently developed technique [7, 47]. Using these measurements, we can
calculate the exact fidelity of the two-photon state (ρ) after transmission through the multi-mode fibre to the target state (|Ψ 〉)
to be F (ρT ,Ψ) = 84.43± 1.76%, certifying the presence of six-dimensional entanglement.
metric downconversion (SPDC) and separated by a po-
larising beam-splitter (PBS). One photon is input into
a commercial multi-mode fibre (MMF) and sent to Bob,
while its entangled partner is kept with Alice. Projective
measurements of the resulting state at Alice and Bob are
made with spatial light modulators (SLMs), single-mode
fibres, and avalanche photo-diodes [48]. Fig. 3b) shows
examples of diffractive holograms implemented on the
SLMs for measuring states in the 7-dimensional Pixel ba-
sis and first Pixel MUB. A key challenge is retrieving the
phase information of the transmission matrix elements
using only intensity measurements. Here, we borrow a
classical trick for doing so, where an internal reference
mode is co-propagated through the medium and inter-
fered with all the modes of interest [19]. We use the space
between our seven macro-pixels as a reference mode and
vary its phase in four steps. The reference is charac-
terised in a similar manner [47]. To maximise our count
rates and minimise noise, we perform this procedure in
the Pixel MUB.
Via this phase-stepping holography, we are able to
recover the complex values of the transmission matrix
(TM ), and subsequently rotate to the other Pixel bases
in order to certify entanglement. Fig. 3c) shows the real
and imaginary parts of the measured transmission ma-
trix, and an example of a “scrambled" basis hologram
calculated from (T−1M )
T and displayed at Alice [48]. In
this manner, entanglement is recovered by only manipu-
lating the photon that did not enter the multi-mode fibre.
Measurements showing the recovered state and its corre-
lations in eight different bases are shown in Fig. 4. Here,
we use a recently developed adaptive witness that con-
structs MUB-like “tilted” bases to calculate the fidelity of
the transmitted state ρT to a non-maximally entangled
target state |Ψ 〉 [7]. Since our recovered state after the
multi-mode fibre appears to be far from maximally entan-
gled (Fig. 4a), this witness is quite suitable for certifying
entanglement. Using these measurements, we are able to
calculate an exact fidelity to the target state estimated
from Fig. 4a) of F (ρT ,Ψ) = 84.43±1.76%, certifying the
presence of six-dimensional entanglement.
We have demonstrated the transport of a six-
dimensional entangled state of light through a commer-
cial multi-mode fibre. To achieve this, we developed a
new method for measuring the transmission matrix of
the fibre using the entanglement itself [17]. In complete
contrast to the classical case, quantum correlations are
recovered by only manipulating the photon that did not
enter the fibre. By mapping the entire transmission ma-
trix onto a single maximally entangled state of equal di-
mension, our method enables the characterisation of a
complex medium using d-times fewer settings as com-
pared with any classical technique [19]. Rapid progress in
the development of quantum technologies, such as ultra-
bright entanglement sources and single-photon detector
arrays [49], should allow our technique to be used for
entanglement transport through highly dynamic scatter-
ing samples, such as living biological tissue or km-long
multi-mode fibre [4]. Furthermore, our work can be gen-
eralised to the case of both photons traveling through
two independent channels, with only one particle being
manipulated [47]. Such an ability could be useful in quan-
tum network scenarios [50] or for non-invasive biological
imaging [51], where access to all parts of the complex
system may be limited. Our results thus have immediate
ramifications for the fields of quantum communication
and imaging [2, 21], where the transport and control of
quantum states of light through complex media remains
5a pressing challenge.
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Appendix
We have demonstrated the distribution of high-dimensional entanglement through a multi-mode fibre (MMF),
exploiting a new method for measuring the transmission matrix of a complex scattering medium with entanglement. In
this appendix, we provide a detailed description of our technique and additional information regarding its experimental
implementation. Our approach for characterising the transmission matrix of the MMF relies on the idea of channel-
state duality, where the information of a channel is mapped onto an output state. In Section A.I. we will discuss this
map and describe the relation between the MMF and the state we obtain after one of the photons of the entangled
state goes through this fibre. In Section A.II we describe our experimental setup, give details on how measurements of
the states are made, and show the “scrambling” effect that the scattering in the fibre produces on the initial entangled
state. To ensure the output state is entangled in high-dimensions, we need to “unscramble” the correlations of the
input state using the transmission matrix of the MMF. In Section A.III. we describe the process for determining such
matrix, while in Section A.IV we discussed how to use this information for the construction and implementation of
a new set of measurements on the state, which reverse the effect of the complex medium. The method used for the
certification of high-dimensional entanglement is described in Section A.V, together with a detailed summary of the
results. Finally, in Section A.VI., we show how our method can be extended to the case when each photon of the
entangled state is transported through an independent MMF.
A.I. Mapping the multimode fibre channel onto an entangled state
A complex media such as a MMF acts as a scattering channel. If a high-dimensional state enters the channel,
its quantum correlations are affected by mode-mixing and cross-talk. To reverse this effect, we will show how the
information of the channel is mapped onto the output state, allowing us to determine the transmission matrix that
describes the scattering in the fibre.
Let us consider a general bipartite state:
|ψi 〉 =
∑
ij
Cij aˆ
†
i bˆ
†
j |vac 〉 =
∑
ij
Cij | i 〉A |j 〉B (A.1)
where i and j label the spatial modes of our biphoton state. We will be measuring our state using a basis for a Hilbert
Space of dimension d = 7, which is smaller than the amount of modes supported by the MMF, let us thus divide
the state space into a logical subspace, corresponding to the modes that we measure, and environmental/loss modes,
which are not considered in this process. Adding two extra indices n and m to our initial state to indicate whether
the mode is in the logical or environmental subspace, we can write:
|ψi 〉 =
∑
injm
Cinjmaˆ
†
inbˆ
†
jm |vac 〉 =
∑
injm
Cinjm | in 〉A |jm 〉B (A.2)
where a given i, j mode is in the logical subspace if m,n = 1, or in the environmental subspace otherwise.
In our system, Bob’s modes pass through a multimode fibre (MMF) and undergo the unitary transformation
UˆMMF =
∑
klrs
Uklrs|kl〉〈rs| (A.3)
The matrix U is given by elements Uklrs that describe how the mode |rs 〉 scatters to the mode |kl 〉. The action of
the scattering in our initial state is given by
bˆ†jm
U−→ Uˆ bˆ†jmUˆ† =
∑
kl
Ukljmbˆ
†
kl. (A.4)
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Figure A.1. Correlations of the initial state: Normalized two-photon coincidence counts showing position correlations
in the (a) Pixel basis {| i 〉 , | j 〉}i,j , and (b) the first mutually unbiased basis {|fi 〉 , |fj 〉}i,j to the pixel basis. Following the
certification method explained in Section A.V, for this set of two-basis measurements we calculate a fidelity bound to the d = 7
maximally entangled state of F (ρ,Φ+) ≥ 94.12± 1.19% , yielding a entanglement dimensionality of dent = 7. In our setup, one
photon of this high-dimensional entangled state is sent through the MMF.
After the MMF, we perform measurements in a given basis of d-dimensions, which corresponds to the logical subspace.
This measurement and postselection, which results in a state conditional on both photons being in the logical subspace
(n,m = 1), can be described using the following projector:
Πˆ =
∑
pq
aˆ†p1bˆ
†
q1|vac〉〈vac|bˆq1aˆp1
=
∑
pq
|p1 〉A |q1 〉BB 〈p1 |A 〈q1 |
(A.5)
This, occurs in general with non-unit success probability, resulting in the sub-normalised state after the MMF given
by:
|ψ 〉MMF := Πˆ(IˆA ⊗ UˆMMF) |ψi 〉
=
∑
ijmk
Uk1jmCi1jm | i1 〉A |k1 〉B
:=
∑
ik
tki | i 〉A |k 〉B ,
(A.6)
where we define the coefficients characterizing the state after the fibre as tki :=
∑
jm Uk1jmCi1jm. Notice that these
coefficients encode the information of both the MMF and the state.
As it can be seen in Figure A.1, the state we produced through spontaneous parametric down conversion is very
close to the maximally entangled state:
|Ψ+ 〉 = 1√
d
∑
i
| i 〉A | i 〉B . (A.7)
We find in this case that the action of the unitary channel representing the MMF, followed by the postselection onto
states with with the photons in the logical subspace is characterised by the operator Tˆ with elements tki = Uk1i1,
TˆMMF =
∑
kr
Uk1r1|k〉〈r|, (A.8)
whose coefficients describe how the logical mode i scatters into the logical mode k. This is not a unitary operation
(since it is only a sub-matrix of the full unitary transformation), and is not trace preserving (as the postselection
happens in general with non-unit success).
In this sense, even though our MMF is a unitary channel on all the modes that the fibre can support, since we
are interested only in the logical modes, the operator Tˆ acts as the relevant non-unitary transmission matrix of the
8fibre. Since this operator is non-unitary it has the effect of changing the entanglement in the state, despite only acting
locally on Bobs modes.
If our initial state is maximally entangled as in Eq. A.7, and we consider this operator that represents the scattering
effect of the fibre on all the modes in Bob’s space (logical and environmental), the state after one of the photons of
the entangled pair goes through the fibre is given by:
|ψMMF 〉 = (Iˆ ⊗ Tˆ ) |ψ+ 〉 =
∑
ik
Uk1i1 | i 〉A |k 〉B (A.9)
This is precisely the Choi-Jamiołkowski isomorphism, where the channel representing the fibre is imprinted onto the
initial entangled state.
We note that this subnormalised state is pure despite having undergone a nonunitary transformation. In the absence
of postselection, one could instead model the trace preserving channel acting only on the logical modes by including
the vacuum state in output Hilbert space. In the Kraus representation this trace preserving channel is,
A0 = Uk1r1 |k 〉 〈r |
Am = Um2r1 |vac 〉 〈r |
so that
∑
∀m
A†mAm = Iˆ
(A.10)
which is clearly not a pure channel if any Um2r1 6= 0, ie. if there is any loss. However, after postselection, only the
term originating from A0 survives, resulting in a postselected subnormalised pure state.
It is clear from Eq. (A.6) and Eq. (A.9) that considering the initial state to be a general entangled state, or the
maximally entangled state, leads to analogous resulting states after the fibre |ψMMF 〉. Even more, both cases can
be consider the same if one simply attributes the effect of coefficients Cij to the channel U . Because of this, we will
consider from now on our initial state to be |Ψ+ 〉.
A.II. Experimental Setup
As it is shown in Figure A.2, a 405 nm CW laser pumps a ppKTP crystal (1 mm × 2 mm × 5 mm) to generate a
pair of photons at 810 nm through the process of Type-II spontaneous-parametric-down-conversion (SPDC). Before
hitting the crystal, a telescope system is used to shape the beam and focus it on the crystal with a beam-waist
diameter of 400 µm.
After the crystal, a dichroic mirror (DM) removes the pump, while the pair of produced photons, which are entangled
in their position-momentum degree of freedom (DOF), are separated by a polarising beam splitter (PBS).
Figure A.2. Detailed experimental setup: A 405 nm CW laser is used to pump a 5 mm ppKTP crystal to generate a pair of
infrared spatially-entangled photons (810 nm) via Type-II spontaneous-parametric-down-conversion (SPDC). After the pump is
removed with a dichroic mirror (DM), the photons are separated by a polarising beam splitter (PBS). The photon corresponding
to Alice is made incident on a spatial light modulator (SLM A), where computer generated holograms are displayed in order to
manipulate the phase and amplitude of the incident photons. On the other side, the photon corresponding to Bob goes through
an MMF and is then made incident on SLM B. Both photons are demagnified through an intensity flattening telescope (IFT),
coupled to single-mode fibres (SMFs), and detected by single-photon avalanche photodiodes (SPADS). Generalised rojective
measurements on the position-momentum DOF of the biphoton state are performed through the combination of SLM+first
order diffraction+lens+SMF+detector. The time-coincident events are registered by a coincidence counting logic (CC).
9a) b)
Figure A.3. Holograms for the pixel and MUB bases: Examples of the computer generated holograms displayed on the
SLMs for measuring the photons in a 7-dimensional space using the (a) Pixel basis, and (b) its mutually unbiased basis.
The transmitted photon (corresponding to Bob) is shaped through lenses in order to coupled onto a 2 m graded-
index multimode fibre (MMF) that has a core diameter of 50 µm and supports around 400 spatial modes at 810 nm.
After going through the fibre, the photon is launched onto a phase-only spatial light modulator (SLM). The reflected
photon (corresponding to Alice) has its polarisation changed from vertical to horizontal with a half-wave plate (HWP),
allowing it to be manipulated by another SLM. Together with single-mode fibres (SMFs), the SLMs act like spatial
mode filters that perform projective measurements on the bi-photon state. The filtered photons are detected by
single-photon avalanche photodiodes (SPADs), where time-coincident events are recorded by a coincidence counting
(CC) logic.
For achieving optimal measurements, the SLMs are placed on the Fourier plane of the crystal. Even more, the
accuracy of the projections is ensured with an intensity flattening telescope [48] that removes the Gaussian component
introduced by the SMF, and recovers the orthogonality relation between spatial modes of a given basis.
The measurements on the spatial DOF are performed using the SLMs, which allow to manipulate the phase and
amplitude of the incident photons. In the experiment, we choose the standard basis to be formed by the set of 7
individual circular macropixels, which we refer to as the Pixel basis (See Figure A.3). The measurement of a particular
mode i (k) in Alice (Bob) is given by displaying the corresponding macropixel in the SLM. We can also define a family
of additional orthonormal bases that are constructed from the Pixel basis using a transformation M = MA ⊗M∗B ,
where M takes us from the standard basis or Schmidt basis {|k 〉}k=0,...,d−1, to a new basis {|fk 〉}rk=0,...,d−1 given by:
|frk 〉 =
1√
d
d−1∑
m=0
ωkm+rm
2 |m 〉 , (A.11)
with k indexing the state of the new basis and r = 0, ..., d − 1 indexing the basis one can choose from the family.
One can recognise this construction as the one from Wootters and Fields [44], where every choice of r = 0, 1, ..., d− 1
provides a mutually unbiased basis (MUB) to the standard basis, but the bases for different r are only unbiased w.r.t
each other in the case of prime dimensions.
One can generalise the definition of the MUB bases [7] to a new set that we will call the tilted bases. This new set
is relevant for the cases in which one wants to compare the state in the laboratory with a pure state |ψ 〉 that is in
general non-maximally entangled. For the tilted bases, we have a transformation M˜ = M˜A ⊗ M˜∗B , where M˜ takes us
from the standard basis {|k 〉}k=0,...,d−1, to a basis {| f˜k 〉}rk=0,...,d−1 given by:
| f˜rk 〉 =
1∑
n λn
d−1∑
m=0
ωkm+rm
2√
λm |m 〉 , (A.12)
Notice that for
∑
m λ
2
m = 1, the basis vectors | f˜rk 〉 are normalised but not necessarily orthogonal. This construction
satisfies the condition |〈m|f˜rk 〉| = λmλk∀m, k with the standard basis {|m 〉}m=0,...,d−1.
As we mentioned in the previous section, the bi-photon state generated through SPDC is very close to the maximally
entangled state. A signature of that entanglement are the spatial correlations that can be witnessed with measurements
of the state in at least two mutually unbiased bases, e.g., the Pixel basis and one of its MUBs (See for example Fig.
A.1). During the propagation through a MMF, each spatial mode that enters scatters into all the other modes that the
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fibre supports. This mixing process results in what we will refer as “scrambled” correlations, which aren’t determined
any longer by measuring the output state in the same manner as before.
The effect of the mode-mixing produced by the fibre is depicted by Figure A.1 and Figure A.4. In the absence of
the fibre, two-photon correlations measured in the standard Pixel basis and its first mutually unbiased basis (MUB)
(Figure A.1) result in a fidelity to the seven-dimensional maximally entangled state of F (ρ,Φ+) ≥ 94.12 ± 1.19%,
certifying an entanglement dimensionality of dent = 7. On the other hand, no entanglement can be certified from
measurements made on the state after the multi-mode fibre (Fig. A.4). Here, measurements in the Pixel basis
({|mn 〉}) and all its seven MUBs ({|frmfrn 〉}) are used to obtain the exact fidelity (as opposed to a lower bound) to
the maximally entangled state, while also giving the best noise performance. However, these still result in a fidelity
of F (ρ,Φ+) = 5.39 ± 1.03%, resulting in no entanglement. The details of how to certify entanglement from these
measurements are given in Section A.V.
It is clear from the distribution of counts in the correlation matrices of Fig A.7 that there is a particular mode
in which all of the other input modes seem to have scattered, leading to higher amount of counts in one element of
the correlation matrix. This phenomena arises from the alignment we make before taking the measurement, in which
we optimise the efficiency of the coupling by projecting simply the diffraction grid on both SLMs, which we found
to lead us to the best results in the unscrambling. By doing this, we end up optimising the coupling to a particular
mode that is close to the mode (|0 〉) in the Pixel basis (central macropixel), and close to the mode |f00 〉 of the first
mutually unbiased bases (all 7 macropixels with the same phase).
The effect of coupling to these particular modes is reflected in the measured effective transmission matrix, and will
be mapped on the output state.
A.III. Measurement of the Transmission Matrix
As shown in Section A.I., when one of the photons of a high-dimensional entangled bi-photon state is sent through
a MMF, the effect of this scattering channel is encoded onto the complex coefficients tij characterizing the output
state |ψMMF 〉. Such coefficients form a matrix T that we consider as the effective or relevant transmission matrix for
the modes of the d−dimensional subspace we measured in.
In order to determine T , we will use a phase stepping technique. For doing so, let us define a mode number 0 as
our internal reference mode. The reference mode in our experiment was taken to be a “background” mode, which
is defined by the pixels in the screen of the SLM where there are no macropixels. The phase-stepping process is
implemented by displaying a relative phase θ between the basis and the reference states. In this manner, when Alice
scans the mode m, the reference mode is displayed simultaneously with a controlled phase difference. On Bob’s side,
b) c) d)
e) f) g) h)
a)
Figure A.4. “Scrambled” correlations of the output state |ψMMF 〉: Two-photon coincidence counts the 7-dim Pixel basis
{|m 〉 , |n 〉}m,n, and its 7 mutually unbiased bases {|fm 〉 , |fn 〉}m,n, of the state at the output of the fibre. For this set of
measurements we obtained a fidelity to the maximally entangled state of F˜ (ρ, ψ+) = 5.39 ± 1.03%, i.e., no entanglement can
be certified.
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we will simply display the mode n.
The state we are projecting on with each measurement of one element of the correlation matrix is given by:
|χmn 〉 = (eiθ |0 〉+ |m 〉)A ⊗ |n 〉B (A.13)
where m,n = 1, ..., d. Here, |m 〉 and |n 〉 are basis elements of the Pixel basis.
From these measurements we can construct a matrix R with coefficients of the form:
Rmn(θ) = | 〈χmn |ΨMMF 〉|2 =
∣∣tn0e−iθ + tnm∣∣2 (A.14)
With steps of pi/2 from 0 to 3pi/2, we obtain:
Smn :=
1
4
[
R0mn −Rpimn + i(Rpi/2mn −R3pi/2mn )
]
= tn0t
∗
nm = Ent
∗
nm (A.15)
The resulting matrix S is not exactly the transmission matrix T . In fact, this matrix S is related to the actual
transmission matrix as follows:
S =
s11 . . . s1d... . . . ...
sd1 . . . sdd
 =
t
∗
11 . . . t
∗
d1
...
. . .
...
t∗1d . . . t
∗
dd

t10 . . . 0... tj0 ...
0 . . . td0
 = T†E, (A.16)
where E is a diagonal matrix related to the mixing of the reference mode after going through the MMF. In order
to fully recover the correlations of our generated state, we need to determine the elements of E and construct our
transmission matrix.
For doing so, we will also use a phase-stepping technique. Now we will only display the reference in Alice, while Bob
simultaneously displays a mode and the reference:
|χ 〉m = |0 〉A ⊗ (eiθ |0 〉+ |m 〉)B (A.17)
The results of such measurements are given by:
Rθm = |〈χm|ΨMMF 〉|2 = |t00eiθ + tm0|2 (A.18)
Performing the measurement for different angles, we recover the following terms
E˜m =
1
4
[
(R0m −Rpim + i(Rpi/2m −R3pi/2m )
]
= t00t
∗
mo = t00E
∗
m (A.19)
Building a diagonal matrix from the terms E˜m, we have:
E˜ = t00
E
∗
1 . . . 0
... E∗j
...
0 . . . E∗d
 = t00E∗ (A.20)
a) b) c)
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Figure A.5. S matrix measurement: Examples of the computer generated holograms displayed on the SLMs corresponding
to (a) Alice and (b) Bob, when measuring a given element Rθmn. Changing the angle θ, we obtained matrices Rθ that allowed
us to calculate the elements Smn through Eq. (A.14). The absolute value of the matrix S is shown in (c).
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The matrix E˜ is equal to the conjugate of matrix E with a factor of t00 that we neglect because it only adds a
global amplitude and global phase.
a) b) c)
ei✓
<latexit sha1_base64="v9W+ZDharbGR2qocUo+zC4SNFoo =">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoPgadnV1SS3oBePEUwiJDHMTnqTIbMPZnqFsOQzvHhQxKtf482/cfIQVLSgoajqprv LT6TQ6DgfVm5peWV1Lb9e2Njc2t4p7u41dZwqDg0ey1jd+kyDFBE0UKCE20QBC30JLX90OfVb96C0iKMbHCfQDdkgEoHgDI3Uh rtMdHAIyCa9Ysmxq+dexT2jhpQdx6tOScXzKqfUtZ0ZSmSBeq/43unHPA0hQi6Z1m3XSbCbMYWCS5gUOqmGhPERG0Db0IiFoLv Z7OQJPTJKnwaxMhUhnanfJzIWaj0OfdMZMhzq395U/MtrpxhUupmIkhQh4vNFQSopxnT6P+0LBRzl2BDGlTC3Uj5kinE0KRVMC F+f0v9J88R2Hdu99kq1i0UceXJADskxcUmZ1MgVqZMG4SQmD+SJPFtoPVov1uu8NWctZvbJD1hvnznSkeA=</latexit><latexit sha1_base64="v9W+ZDharbGR2qocUo+zC4SNFoo =">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoPgadnV1SS3oBePEUwiJDHMTnqTIbMPZnqFsOQzvHhQxKtf482/cfIQVLSgoajqprv LT6TQ6DgfVm5peWV1Lb9e2Njc2t4p7u41dZwqDg0ey1jd+kyDFBE0UKCE20QBC30JLX90OfVb96C0iKMbHCfQDdkgEoHgDI3Uh rtMdHAIyCa9Ysmxq+dexT2jhpQdx6tOScXzKqfUtZ0ZSmSBeq/43unHPA0hQi6Z1m3XSbCbMYWCS5gUOqmGhPERG0Db0IiFoLv Z7OQJPTJKnwaxMhUhnanfJzIWaj0OfdMZMhzq395U/MtrpxhUupmIkhQh4vNFQSopxnT6P+0LBRzl2BDGlTC3Uj5kinE0KRVMC F+f0v9J88R2Hdu99kq1i0UceXJADskxcUmZ1MgVqZMG4SQmD+SJPFtoPVov1uu8NWctZvbJD1hvnznSkeA=</latexit><latexit sha1_base64="v9W+ZDharbGR2qocUo+zC4SNFoo =">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoPgadnV1SS3oBePEUwiJDHMTnqTIbMPZnqFsOQzvHhQxKtf482/cfIQVLSgoajqprv LT6TQ6DgfVm5peWV1Lb9e2Njc2t4p7u41dZwqDg0ey1jd+kyDFBE0UKCE20QBC30JLX90OfVb96C0iKMbHCfQDdkgEoHgDI3Uh rtMdHAIyCa9Ysmxq+dexT2jhpQdx6tOScXzKqfUtZ0ZSmSBeq/43unHPA0hQi6Z1m3XSbCbMYWCS5gUOqmGhPERG0Db0IiFoLv Z7OQJPTJKnwaxMhUhnanfJzIWaj0OfdMZMhzq395U/MtrpxhUupmIkhQh4vNFQSopxnT6P+0LBRzl2BDGlTC3Uj5kinE0KRVMC F+f0v9J88R2Hdu99kq1i0UceXJADskxcUmZ1MgVqZMG4SQmD+SJPFtoPVov1uu8NWctZvbJD1hvnznSkeA=</latexit><latexit sha1_base64="v9W+ZDharbGR2qocUo+zC4SNFoo =">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoPgadnV1SS3oBePEUwiJDHMTnqTIbMPZnqFsOQzvHhQxKtf482/cfIQVLSgoajqprv LT6TQ6DgfVm5peWV1Lb9e2Njc2t4p7u41dZwqDg0ey1jd+kyDFBE0UKCE20QBC30JLX90OfVb96C0iKMbHCfQDdkgEoHgDI3Uh rtMdHAIyCa9Ysmxq+dexT2jhpQdx6tOScXzKqfUtZ0ZSmSBeq/43unHPA0hQi6Z1m3XSbCbMYWCS5gUOqmGhPERG0Db0IiFoLv Z7OQJPTJKnwaxMhUhnanfJzIWaj0OfdMZMhzq395U/MtrpxhUupmIkhQh4vNFQSopxnT6P+0LBRzl2BDGlTC3Uj5kinE0KRVMC F+f0v9J88R2Hdu99kq1i0UceXJADskxcUmZ1MgVqZMG4SQmD+SJPFtoPVov1uu8NWctZvbJD1hvnznSkeA=</latexit>
Figure A.6. E matrix measurement: Example of a pair of computer generated holograms displayed on the SLMs corre-
sponding to (a) Alice and (b) Bob, when measuring elements Rθm. Through the phase-stepping process, we changed the angle θ
and use Eq. (A.19) to determined the diagonal elements (m = n) of the matrix E. The absolute value of this diagonal matrix
is shown in (c).
After determining both S and E, we can calculate the T matrix characterizing the effect of the MMF as follows:
T = (SE−1)† (A.21)
From the holograms in Figures A.5 and A.6, it is clear that instead of using the standard basis for the phase-stepping
process, we choose to measure in the MUB basis. In our experiment we obtain less counts when projecting onto a
single macropixel state, that when we project onto the MUB state, which is composed of multiple macropixels. To
have a faster and less noisy measurement of the transmission matrix, we thus use the first MUB basis (corresponding
to r = 0 in equation (A.12)) for the phase-stepping process.
It can be easily proven that using a basis different than the standard when following the steps described above, simply
results in a rotation on the transmission matrix that is determined from this process. For our case, the obtained
transmission matrix corresponding to measurements in the first MUB (M0) is given by:
TM0 = M
∗
0TM
T
0 , (A.22)
where T is the transmission matrix that one would determined if the measurement had been made on the standard
basis.
Table I: Measured Transmission Matrix TM0
4.46 + 0.47i 0.54 - 0.56i -0.61 + 0.98i 0.25 - 0.55i -0.29 - 0.90i 0.62 - 0.30i -1.54 - 1.75i
-1.24 + 0.08i 0.63 - 0.93i -0.01 + 2.16i -0.49 + 0.88i 0.39 - 0.67i -1.36 - 0.35i -1.35 + 1.17i
1.25 + 0.07i -0.63 + 0.95i 0.58 + 0.28i -0.50 - 0.23i 0.18 + 0.21i -0.66 - 1.45i -0.23 + 2.00i
0.18 + 0.79i 1.96 + 0.30i -0.57 + 0.01i 0.45 + 1.08i -2.05 + 0.13i 0.44 + 0.85i -0.64 - 0.53i
-0.52 - 1.13i -1.74 + 1.29i -0.68 + 0.74i -0.17 + 1.89i -0.72 + 0.31i -0.47 - 0.84i -2.40 - 0.09i
0.56 + 1.24i 0.95 - 0.46i 0.52 + 1.96i -0.12 + 0.44i 0.24 + 0.85i 1.81 + 0.99i 1.94 - 0.51i
-0.26 - 0.64i 1.22 + 0.73i 0.10 - 0.25i -1.05 + 1.37i 1.80 - 0.80i 0.53 - 0.34i -0.78 + 0.90i
The complex coefficients of the 7× 7 transmission matrix TM0 are shown here. The matrix was determined through a
phase-stepping process with measurements in the first mutually unbiased basis of the Pixel basis.
A.IV. Unscrambling entanglement
As we have seen, the propagation of one of the photons of a high-dimensional entangled state |ψi 〉 results in the
“scrambling” of the state’s correlations. This phenomena is ruled by the transmission matrix of the fibre, which is
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encoded in the output biphoton state, and can be experimentally determined through the phase-stepping process
described in the previous section.
In this section, we show how the knowledge of the transmission matrix of the fibre allows to construct a new set of
measurement bases that invert the mixing process of the modes of the entangled state, thus recovering the correlations
of |ψi 〉. This is what we refer to as “unscrambling” the entanglement. First we will consider the case in which the
transmission matrix was determined in the standard basis, and then we will generalize for any rotation of T .
Interestingly, the new set of bases can be use either by Alice or Bob. Instead of unscrambling the mode mixing on
Bob’s side, we choose to “scramble” the modes on Alice’s side to show that even though Bob’s photon is the one going
through the MMF, by performing the right measurements on Alice, the correlations of the entangled bi-photon state
are recovered.
As it was shown in the first section, the bi-photon state after the propagation through the fibre is described by the
state:
|ψMMF 〉 = (IˆA ⊗ Tˆ )|Ψ+ 〉 (A.23)
Reversing the action of T on the entangled state can be done simply by applying the inverse operation on the photon
going through the fibre:
(IˆA ⊗ Tˆ−1) |ψMMF 〉 = |Ψ+ 〉 (A.24)
Of course since Tˆ  Iˆ (the singular values of the matrix T are all less than 1) the inverse does not constitute a physical
channel, and must be appropriately normalised. We defer this discussion to A.V a.
Since we want to only manipulate the state from Alice’s side, we consider the following property:
(Aˆ⊗ Bˆ) |Ψ+ 〉 = (BˆT Aˆ⊗ Iˆ) |Ψ+ 〉 = (Iˆ ⊗ BˆAˆT ) |Ψ+ 〉 . (A.25)
Hence, for inverting the action of the MMF, one can use an operator on Alice’s side given by:
WA = (T
−1)T = (((SE−1)†)−1)T , (A.26)
where we’ve used Eq. (A.21). In this manner, we can define an operator W = WˆA ⊗ IˆB that converts the output
state of the MMF to an “unscrambled state” given by :
|ψ 〉u = W |ψMMF 〉 = (WˆA ⊗ IˆB) |ψMMF 〉 = ((Tˆ−1)T ⊗ IˆB) |ψMMF 〉 = (IˆA ⊗ Tˆ−1) |ψMMF 〉 = |Ψ+ 〉 (A.27)
While in Bob’s side we use the standard basis, the rows of the operator WˆA constitute a new basis to be used in
Alice. Strong correlations should appear in the cross-talk matrix obtained from measuring two-photon coincidences
with these bases. This is the first necessary step for the entanglement certification method we detailed in Section
A.V.
The second step is to recover correlations in a mutually unbiased or a tilted basis. Using WˆA and either of the
transformations Mr (r = 0, ..., d− 1) or M˜r (r = 0, ..., d− 1), which define the states given by Eq. A.11, and Eq. A.12
respectively, we can define a new operator to unscramble the correlations in the r-th mutually unbiased basis:
V = MrW = (Mˆr ⊗ Mˆ∗r )(WˆA ⊗ IˆB) = (MˆrWˆA ⊗ Mˆ∗r ) = (VˆA ⊗ Mˆ∗r ) (A.28)
If we use M˜r instead of Mr, we unscramble the correlations in the r-th tilted basis.
Using the rows of VˆA as a new measurement basis for Alice leads to recovered correlations of the initial state in a
MUB or tilted basis.
Measuring with the new bases defined by WˆA and VˆA on Alice, and the standard and MUB basis in Bob, should
result in strong correlations that allows us to to certify high-dimensional entanglement.
As we described in Section A.III, if one uses a basis different from the standard for the phase stepping process, the
transmission matrix recovered is given by Eq. (A.22), that is, a rotation of the transmission matrix in the standard
basis T . In this case, the construction of the new bases used for the “unscrambling” of the correlations must also
include a rotation back to the basis that is being used on Bob.
Taking into account Eq. (A.22), the transmission matrix in the standard basis can be expressed in terms of TM as
T = MTTMM
∗, and thus, the operator W can be written as:
W =
(
((MTTMM
∗)−1)T ⊗ IˆB
)
=
(
M†(T−1M )
TM ⊗ IˆB
)
(A.29)
Notice that performing the measurements with W for getting the correlations in the standard basis would require to
use the single pixels on Bob’s side, which, as we mentioned before, leads to lower counts.
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As an alternative, one can consider an operator where the rotation of the transmission matrix to the standard basis
is made partially on Alice, while in Bob one uses the MUB:
WM =
(
(T−1M )
TM ⊗M∗) (A.30)
In this case, both SLMs display multiple pixels and we get a higher level of counts for this measurement.
Applying this unscrambling operator to the MMF state leads to an unscrambled state given by:
|ψ 〉u = WM |ψMMF 〉
=
(
(T−1M )
TM ⊗M∗) |ψMMF 〉
=
(
(T−1M )
TM ⊗M∗) (IA ⊗ Tˆ ) |Ψ+ 〉
=
(
(T−1M )
TM ⊗M∗T ) |Ψ+ 〉
=
(
IA ⊗M∗TMT (T−1M )
) |Ψ+ 〉
= (IA ⊗ TM (T−1M )) |Ψ+ 〉
= |Ψ+ 〉
(A.31)
Analogously to W, using the operator WM results in an unscrambled state that is maximally entangled. That means
that the unscrambled state in the standard basis can also be recovered by partially rotating the transmission matrix
on Alice, and completing the rotation by measuring in a MUB in Bob. This can be understood by simply considering
that when measuring the transmission matrix in any basis other than the standard, for reversing its effect, we can re
define the basis in which the transmission matrix was measured as the new standard basis.
The two-photon coincidences we would obtain are given by:
Nwv = |〈wv|ψMMF〉|2 = |〈mn|WM|ψMMF〉|2 = |〈mn|ψu〉|2 (A.32)
Here, the new scrambled basis elements |w 〉 (For Alice) and |v 〉 (For Bob) are calculated by applying the WM to the
standard basis elements |m 〉 and |n 〉. The cross-talk matrix resulting from this measurements should show strong
correlations that correspond to the ones in the standard basis.
For the second measurement, let us consider that we measured the transmission matrix in the basis indexed by r = 1.
In this case, the operator V that recovers the correlations in a basis r can be written in terms of TM1 as:
VM = MrWM = (Mr ⊗M∗r )
(
(T−1M1)
TM1 ⊗M∗1
)
, (A.33)
where we simply add to the first measurement the Mr transformation corresponding to the basis in which we want
to recover the correlations. The two-photon coincidences in this case would be given by:
N˜wv = |〈gwgv|ψMMF〉|2 = |〈mn|VM|ψMMF〉|2 = |〈fmfn|WM|ψMMF〉|2 = |〈fmfn|ψu〉|2 (A.34)
Notice that the basis elements used in Alice (|gw 〉), and in Bob (|gv 〉), are calculated by applying the operator VM
to the elements of the MUB basis |fm 〉 and |fn 〉. If one uses the tilted basis, i.e., M˜r instead of Mr, the new basis
elements are | g˜w 〉), and | g˜v 〉, which are calculated by applying the operator VM to the elements of the tilted basis
| f˜m 〉 and | f˜n 〉.
A.V. Certification of entanglement
In the previous section, we have shown how we can recover the correlations, in at least two MUBs, of a high-
dimensional entangled bi-photon state, whose entanglement has been scrambled after one of the photons went through
a MMF. In this section we will explain how we certify entanglement, and go through the results we obtained after
unscrambling the entanglement of an entangled state being transported through a 2-metre MMF.
In order to certify the high-dimensional entanglement of the state that has been transporter through the fibre, we
need correlations in at least two mutually unbiased bases.
Using the transmission matrix determined through the phase-stepping process, we can construct new bases for
measuring the state at the output of the fibre. Since the scattering information from the fibre is encoded on these new
bases, these measurements invert the scattering on the complex media and result in correlations that are “unscrambled.”
Given a state ρ produced in the laboratory, through the method from [7], one can determine a lower bound for the
fidelity F (ρ,Φ) of the state ρ with respect to a pure bipartite target state |Φ 〉, using only measurements in two bases.
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Table II: Measured λm Values
λ0 λ1 λ2 λ3 λ4 λ5 λ6
0.4079 0.2930 0.3118 0.3553 0.3596 0.4329 0.4556
The measured probability amplitudes for nominating the target state |Φ 〉 = ∑6m=0 λm |mm 〉 are shown here (Mea-
surement in Fig. A.8.a)). Values of m = 0...6 label the corresponding pixel mode.
Since the fidelity to a target entangled state provides information of the dimensionality of entanglement, we will use
this bound for certifying the entanglement of the state at the output of the fibre.
Consider a target state that is written in its Schmidt or standard basis as:
Φ =
6∑
m=0
λm |m 〉A |m 〉B (A.35)
where we can either nominate a target state using the correlations in the standard basis:
λm =
√
〈mm|ρ|mm〉∑
n〈nn|ρ|nn〉
(A.36)
or consider the maximally-entangled state |Ψ+ 〉 as a target, which has λi = 1/
√
d for every i.
The choice of the target state will determine which second basis is necessary for calculating the lower bound. If the
target state is chosen to be maximally entangled, one performs measurements using the MUB basis. On the other
hand, if the target state is chosen to be a general entangled state that is tailored using the measurements in the
standard basis, then one uses the tilted bases, which are constructed using the λm coefficients.
For any state ρ with Schmidt rank k ≤ d, the fidelity to a target state F (ρ,Φ) is bounded by:
F (ρ,Φ) ≤ Bk(Φ) :=
k−1∑
m=0
λ2im , (A.37)
where the sum runs over the k largest Schmidt coefficients of Φ, that is, im, with m = 0, ..., d − 1 such that λim ≥
λi′m∀m ≤ m′.
a) b) c) d)
e) f) g) h)
Figure A.7. Experimental data certifying 5-dimensional entanglement through measurements in MUBs: Nor-
malised two-photon coincidence counts showing position correlations in the 7-dim Pixel basis {|w 〉 , |v 〉}w,v, and its 7 mutually
unbiased bases {|gw 〉 , |gv 〉}w,v, of the state we input on the fibre. For this set of measurements we calculate a fidelity to the
d = 7 maximally entangled state of F˜ (ρ,Φ+) = 65.64± 0.72% , yielding a entanglement dimensionality of dent = 5
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Figure A.8. Experimental data certifying 6-dimensional entanglement through measurements in TILTs: Nor-
malised two-photon coincidence counts showing position correlations in the 7-dim Pixel basis {|w 〉 , |v 〉}w,v, and its 7 mutually
unbiased bases {| g˜w 〉 , | g˜v 〉}w,v, of the state we input on the fibre. For this set of measurements we calculate a fidelity to the
d = 7 target state of F˜ (ρ,Φ) = 84.43± 1.76% , yielding a entanglement dimensionality of dent = 6
The experimental fidelity bound F˜ (ρ,Φ) that can be determined with measurements in two bases fulfills the following
dimensionality witness inequality:
F˜ (ρ,Φ) ≤ F (ρ,Φ) ≤ Bk(Ψ) (A.38)
In Section A.IV, we defined a new standard basis {|wv 〉}w,v=0,1,...,d−1. With measurements in the scrambled standard
basis of the w state in Alice, and the v state in Bob, we get two-photon coincidence counts Nwv given by Eq. (A.32),
that allow to calculate the diagonal elements of the density matrix as:
〈wv|ρ|wv〉 = Nwv∑
k,lNkl
(A.39)
The cross-talk matrix containing these elements (See Pixel in Figs. A.7 and A.8) display the correlations in the Pixel
basis. From this measurement, we can use Eq. (A.36) to calculate the probability amplitudes of the target state, i.e.,
the nominated Schmidt coefficients.
On the other hand, using the new mutually unbiased bases {|grwgrv 〉}w,v=0,1,...,d−1 indexed by r = 0, ..., d − 1, we
obtain two-photon coincidences counts N˜wv given by Eq. (A.34), from which we construct the density matrix elements
given by:
〈grwgr∗v |ρ|grwgr∗v 〉 =
N˜wv∑
k,l N˜kl
(A.40)
For each chosen basis r, these density matrix elements can be put in cross-talk matrices, which display the correlations
in the corresponding MUB (See Fig. A.7).
As mentioned before, the choice of the Schmidt coefficients λm determines whether we want the target state to
be Φ or Φ∗. In our measurement, this is reflected by how we construct the operator VM. For a target state Φ,
the measurements are made with the new tilted bases {| g˜rwg˜rv 〉}w,v=0,1,...,d−1, which are constructed by having the
operator M˜r, instead of Mr, in Eq. (A.33). In this case, the obtained density matrix elements are constructed from
the coincidence counts as follows:
〈g˜rwg˜r∗v |ρ|g˜rwg˜r∗v 〉 = cλ
N˜wv∑
k,l N˜kl
(A.41)
For each chosen basis r, these elements can be put in cross-talk matrices that display the correlations in the corre-
sponding tilted basis (See Fig. A.8).
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The factor cλ := d
2
(
∑
k λk)
2
∑
m,n λmλn〈mn|ρ|mn〉 in Eq. (A.41) is a normalisation that is required because of the
non-orthogonality of the tilted bases. Further details of its derivation can be found in [7].
With the density matrix elements determined through Eq. (A.39), and Eq. (A.40) or Eq. (A.41), we can calculate the
fidelity bound proposed in [7], and certify high-dimensional entanglement of the state by only performing measurements
after the MMF. Furthermore, when all d MUB bases, or all d tilted bases are used, the fidelity bound becomes tight,
that is, we obtain F˜ (ρ,Φ) = F (ρ,Φ).
In Figure A.7 we can see the unscrambled correlation matrices in all d+ 1 = 8 mutually unbiased basis. From these
measurements, we obtain a fidelity to the 7-dimensional maximally entangled state of F (ρ,Φ+) = 65.64 ± 0.72%.
Taking into account that B4(Φ∗) = 4/7 = 0.5714, we can certify an entanglement dimensionality of dent = 5.
On the other hand, in Figure A.8 we can see the unscrambled correlation matrices for the standard and the 7 tilted
basis. These tilted bases were constructed using the correlations in the standard basis. From these measurements,
we obtain a fidelity to the target state of F (ρ,Φ) = 84.43 ± 1.76%. Taking into account Eq. (A.36), the target
state’s Schmidt coefficients determined a bound B5(Φ) = 0.8169, leading to certify an entanglement dimensionality
of dent = 6.
a. Normalisation on the Spatial Light Modulators
Each of the new basis elements is calculated as a complex matrix of the size of the SLM, where each pixel has
a corresponding complex number. For the appropriate functioning of the SLM, this complex matrix needs to be
normalised by the norm of its largest element, which in general is not a problem when using the Pixel, the MUB, or
the tilted basis, where all states of one given basis are normalised by the same factor.
When dealing with the new “scrambling” bases, adding the transmission matrix to the construction leads to each i-th
state having a different normalisation factor ηi. For the states of the standard basis used in Alice, this factor is given
by:
ηi = maxi
∣∣(T−1M1)TM1∣∣ij , (A.42)
where we take the largest norm of each row of the unscrambling operator applied on Alice.
The normalisation made for the functioning of the SLM modifies the unscrambling operator for the standard basis as:
WηM =
(
η−1(T−1M )
TM ⊗M∗) (A.43)
where the matrix η is a diagonal matrix composed of the ηi factors. With this modified operator, we have an
unscrambled state given by:
|ψ 〉ηu = WηM |ψMMF 〉 =
(
η−1(T−1M )
TM ⊗M∗) |ψMMF 〉 = η−1 |Ψ+ 〉 (A.44)
Measurements on this unscrambled lead to a “non-flat” distribution of the correlated counts that is dictated by the
normalisation factors.
To perform mutually unbiased measurements on this same state, we also modified the operator VηM to:
VηM = MrW
η
M = (Mr ⊗M∗r )
(
η−1(T−1M1)
TM1 ⊗M∗1
)
(A.45)
Once again, this operator defines a new basis to be used in Alice, where each state is projected by the SLM with a
second normalisation factor:
ζi = maxi
∣∣η−1(T−1M1)TM1∣∣ij (A.46)
The latter normalisation leads to obtaining two-photon coincidences for the MUB basis given by:
N˜ζwv = |ζ−1〈mn|VηM|ψMMF〉|2 = |ζ−1〈mn|MrWηM|ψMMF〉|2 = |ζ−1〈fmfn|ψηu〉|2 = |ζ−1|2|〈fmfn|ψηu〉|2 (A.47)
The normalisation made for the functioning of the SLMs can’t be avoided. The factor of η will affect the Schmidt
coefficients of the target state that are chosen from measurements on the standard basis, and hence, it will contribute
in how the unscrambled state looks like. For certifying entanglement on this unscrambled state, is important to take
the normalisation of η into account when defining the operator for unscrambling in the mutually unbiased bases.
However, the second measurement has an factor ζ that has nothing to do with the state, and is thus corrected in
post-processing of the data counts.
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A.VI. Transporting each photon through an independent channel
Consider the case in which both photons of the generated pair are transported through a separate MMF. In this
case, we will have two different unitary transformations, each representing the scattering produced by one of the two
fibres.
One unitary operator will be operating on Alice:
UˆA =
∑
k′r′
Uk′r′ |k′ 〉 〈r′ | , (A.48)
where |k′ 〉A, and |r′ 〉A are elements of a basis in Alice’s subspace.
The other unitary will be operating on Bob:
UˆB =
∑
kr
Ukr |k 〉 〈r | . (A.49)
where |k 〉B , and |r 〉B are elements of a basis in Bob’s subspace.
As a matter of simplicity, we will take the state before the fibre to be the maximally entangled state. After the
fibre, we have a state given by:
|ψMMF 〉 = (UˆA ⊗ UˆB) |Ψ+ 〉 = (Iˆ ⊗ UˆB(UˆA)T ) |Ψ+ 〉 = (I ⊗ Tˆ ) |Ψ+ 〉 (A.50)
where using the property from Eq. (A.25), the case of two different fibres can be reduced to a single effective trans-
mission matrix or channel given by
Tˆ = UˆB(UˆA)
T , (A.51)
which operates only on one of the photons of the entangled pair.
Taking into account Eq. (A.50), the information of both UˆA and UˆB is encoded into the effective transmission matrix
Tˆ , which has been mapped onto the output state |ψMMF 〉. This output state is analogous to the one obtained in
Section A.II.. The procedure outlined in Section A.III and A.IV, allows to determine this transmission matrix, reverse
its effect by only performing local operation on one photon, and successfully transport high-dimensional entanglement
through MMFs.
The fact that the transmission through complex media of both photons can be inverted with operations on only
one photon can be of importance when performing quantum communication protocols, in which one may not have
access to both photons after the transmission.
